SOME PROPERTIES AND APPLICATIONS OF F-FINITE F-MODULES 
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1. Introduction 

The purpose of this paper is to describe several applications of finiteness properties of in- 
finite F-modules recently discovered by M. Hochster in [H] to the study of Frobenius maps 
on injective hulls, Frobenius near-splittings and to the nature of morphisms of F-finitc 
F-modules. 

Throughout this paper (R, m) shall denote a complete regular local ring of prime char- 
acteristic p. At the heart of everything in this paper is the Frobenius map / : R — > R given 
by f(r) = r p for r 6 R. We can use this Frobenius map to define a new R- module structure 
on R given by r ■ s = r p s; we denote this i?-module F*R. We can then use this to define 
the Frobenius functor from the category of i?-modules to itself: given an i?-module M we 
define F(M) to be F*R i^r M with i?-module structure given by r(s ® m) = rs ® m for 
r,sGJ? and m 6 M.. 

Let R[&; f] be the skew polynomial ring which is a free i?-module (B^LqRQ 1 with multi- 
plication Or — r p Q for all r E R. As in [Klj . C shall denote the category i?[0; /]-modules 
which are Artinian as i?-modules. For any two such modules M, N, we denote the mor- 
phisms between them in C with Kom R [Q.j] [M, N); thus an element g G Hom R [Q.j] (M, N) is 
an i?-linear map such that g(Qa) — Og(a) for all a £ M, The first main result of this paper 
(Theorem 13. 3| shows that under some conditions on N, Hom^[e ; /] (M, N) is a finite set. 

An F-module (cf. the seminal paper [L] for an introduction to F-modules and their 
properties) over the ring R is an i?-module M together with an i?-modulc isomorphism 
9m '■ 3Vt — > F(M). This isomorphism 9m is the structure morphism of M. 

A morphism of F -modules M — > N is an i?-linear map g which makes the following 
diagram commute 

M — ^ N 



F(M) — ^ F(N) 

where 9m and 9j^ are the structure isomorphisms of M and 3Nf, respectively. We denote 
Homg^MjN) the F-module of all morphism of F -modules M — >• K 
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Given any finitely generated F-module M and F-linear map j3 : M 
obtain an F-module 



F{M) one can 



/3 



M = Km I M F(Af) — ^> F (M) 



Since 



F(M) = Hm ( F(M) F 2 {M) F 3 {M) 



F 2 (/3) 



F 3 (/3) 



M 



we obtain an isomorphism M = F(M), and hence JVC is an F-module. Any F-module 
which can be constructed as a direct limit as M above is called an F '-finite F-module with 
generating morphism j3. 

There is a close connection between F[0; /]-modules and infinite F-modules given by 
Lyubeznik 's Functor from C to the category of F-finite F-modules which is defined as follows 
(see section 4 in [L] for the details of the construction.) Given an i?[8; /]-module M one 
defines the F-linear map a : F(M) — > M by a(rO <£> m) — rOm; an application of Matlis 
duality then yields an i?-linear map a v : M v ->■ F(M) V = F(M V ) and one defines 

K F 2 (M V ) 



%{M) = lhn \yhr ^ F(AF 

Since M is an Artinian F-module, M v is finitely generated and 5f(M) is an F-finite F- 
module with generating morphism M v — > F(AI V ). This construction is functorial and 
results in an exact covariant functor from 6 to the category of F-finite F-modules. 

The main result in [H] is the surprising fact that for F-finite F-modules JVt and 3\T, 
Homy(Jsf, M) is a finite set. In section [3] of this paper we exploit this fact to prove the 
second main result in this paper (Theorem 13. 4p to show the following. Let 7 : M — > F(M) 
and /? : N —> F(N) be generating morphisms for 3NT and M. Given an F-linear map g which 
makes the following diagram commute, 



N 



F(N) 



F(g) 



M 



F(M) 



one can extend that diagram to 



N 



F(/3) F 2 (l3) 

F(N) —I F 2 (N) —-4 



f(b) 



M 



F(M) 



F( 7 ) 



F 2 {M) 



F(g) 

F 2 h) 



and obtain a map between the direct limits of the horizontal sequences, i.e., an element in 
Homy(3\f, M). We prove that all elements in Homgr(3\T, M) arise in this way (cf. Theorem 
3.4|) . thus morphisms of F-finite F-modules have a particularly simple form. This answers 
a question implicit in [Lj Remark 1.10(b)]. 
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Finally, in section|4]we consider the module Hom^ (F* R n , R n ) of near- splittings of F*R n . 
We establish a correspondence between these near-splittings and Frobenius actions on E n 
which enables us to prove the third main result in this paper (Theorem 14. 5|) which asserts 
that given a near-splitting corresponding to a injective Frobenius actions, there are finitely 
many F*.R-submodules V C F*R n such that 4>(V) C V. This generalizes a similar result in 
BB to the case where R is not F-fmite. 

Our study of Frobenius near-splittings is based on the study of its dual notion, i.e., 
Frobenius maps on the injective hull E — E R {R/m) of the residue field of R. This injective 
hull is given explicitly as the module of inverse polynomials K[x^, . . . , x^J where x\,...,Xd 
are minimal generators of the maximal ideal of R (cf. [BS, §12.4].) Thus E has a natural 
R[T; /]-module structure extending TXx^ ai . . . x~[ ad = X p x^ pai . . . x^ pad for A e K and 
a%, . . . , ad > 0. We can further extend this to a natural R[T; /]-module structure on E n 
given by 



( «1 ^ 




( Tfl i \ 


\ a n J 




\ Ta n J 



The results of section [4] will follow from the fact that there is a dual correspondence between 
Frobenius near-splittings and sets of R[0; /]-module structures on E n . 

2. Frobenius maps of Artinian modules and their stable submodules 

Given an Artinian i?-module M we can embed M in E a for some a > and extend this 
inclusion to an exact sequence 

— > M — > E a E^ — > . . . 

where A* e Rom R (E'^, E^) ^ Rom R (R a , B?) is a P x a matrix with entries in R. Henceforth 
in this section we will describe certain properties of Artinian i?-modules in terms of their 
representations as kernels of matrices with entries in R. We shall denote M Qj/ 3 the set of 
a x j3 matrices with entries in R. 

In this section and the next we will need the following constructions. Following [Klj 
we shall denote the category of Artinian i?[0; /]-modules C. We denote 2) the category of 
i?-linear maps M — > Fr(M) where M is a finitely generated i?-module, Fr(-) denotes the 
Frobenius functor, and where a morphism between M A Fr(M) and N —> Fr(N) is a 
commutative diagram of i?-linear maps 

M *- N 

a b 

F R (M) ^ F R (N) 

Section 3 of |Klj constructs a pair of functors A : 6 — > T) and ; D — > G with the property 
that for all A £ 6, the R[Q; /]-module o A(A) is canonically isomorphic to A and for all 
D — (B —> Fr(B)) G D, A o Vt'(D) is canonically isomorphic to D. The functor A amounts 
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to the "first step" in the construction of Lyubeznik's functor "K: for A 6 C we define the 
i?-linear map a : F(A) — > A to be the one given by a(r® (g> a) = r<da and we let A(A) 
to be the map a v : A v -» F (A) v = F(A V ) (cf. section 3 in [KT] for the details of the 
construction.) 

Proposition 2.1. Let M = kcrA* C i?" be an Artinian R-module where A £ M ai| g. 
Lei B = {Be M QjCe | Im£L4 C ImAW}. For any R[@; f]-module structure on M, A(M) 
can 6e identified with an element in Homfj(Coker ^4, Coker A^ ) and thus represented by 
multiplication by some B £ B . Conversely, any such B defines an R[Q', f]-module structure 
on M which is given by the restriction to M of the Frobenius map <f> : E a — > E a defined by 
4>{v) = B t T(v) where T is the natural Frobenius map on E a . 

Proof. Matlis duality gives an exact sequence R@ A- R a — > M v — > hence 
A(M) e Rom R (M v ,F R (M v )) ^ Hom fl (Coker A, Coker A [p] ). 
Let A(M) be the map 4> : Coker A -> Coker A®. 

In view of Theorem 3.1 in |Klj we only need to show that any such R- linear map is given 
by multiplication by an B G B, and that any such B defines an element in A(M). 
We can find a map <f/ which makes the following diagram 

R a % R a /lmA — t- R a /lmA^ 




commute, where q\ and q2 are quotient maps. The map <f>' is given by multiplication by 
some a x a matrix B 6 B. Conversely, any such matrix B defines a map 4> making the 
diagram above commute, and ^(<fi) gives a R[Q] /]-module structure on M as described in 
the last part of the theorem. □ 

Notation 2.2. We shall henceforth describe Artinian i?-modules with a given i?[0; /]- 
module structure in terms of the two matrices in the statement of Proposition 12.11 and 
talk about Artinian i?-modules M — Ker A 1 C E a where A e M Q/ 3 with i?[6; /]-module 
structure given by B 6 M Qa . 

3. MORPHISMS in 6 

In this section we raise two questions. The first of these asks when for given i?[G; /]- 
modules M, N, the set Hom H [Q.^] (M, N) is finite; later in this section we prove that this 
holds when N has no O-torsion. The following two examples illustrate why this set is not 
finite in general, and why it is finite in a special simple case. 

Example 3.1. Let K be an infinite field of prime characteristic p and let R = K[x]. Let 
M = amis xR and fix an R[Q; /]-module structure on M given by Qa — x p Ta where T is 
the standard Frobenius action on E. Note that 0M = and that for all A € K the map 
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fix ■ M — > M given by multiplication by A is in Hom#[e ; /](-M", M), and hence this set is 
infinite. 

Example 3.2. Let I, J C R be ideals, and fix u G {I [p] : I) and v G (J [p] : J). Endow 
ann^ 7 and ann^ J with R[0; /]-module structures given by 0a = uTa and 06 = vTb for 
a G anng 7 and 6 G ann^ J where T is the standard Frobenius map on E. 

If g : amis I — > anng J is 7i-linear, an application of Matlis duality yields <? v : R/ J — > 
R/I and we deduce that g is given by multiplication by an element in w G (7 : J). If in 
addition g G Hom/j[@.j:](ann£: /, anng J), we must have wuTa = g(Qa) = &g(a) = vTwa = 
vw p Ta, for all a G amis /, hence (vw p — uw)T ann e I — and vw p — uw G 7^. The 
finiteness of Homfl[Q ; j] (anng /, anng J) translates in this setting to the fmiteness of the 
set of solutions for the variable w of the equation above, and it is not clear why this set 
should be finite. However, if we simplify to the case where 7 = 0, the set of solutions of 
vw p — uw — over the the fraction field of 7? has at most p elements, and in this case we 
can deduce that Hom^[e ; ji(i?, aiin^ J) has at most p elements. 

As in [L], f° r an y Ti[0; /]-module M we define the submodule of nilpotent elements to 
be Nil(M) = {a G M | 9 e a = for some e > 0}. We recall that when M is an Artinian 
7?-module there exists an r\ > such that Q n M = (cf. |HS[ Proposition 1.11] and [Ll 
Proposition 4.4].) We also define M rod = M/ Nil(M) and M* = D e > RQ e M where R@ e M 
denotes the i?-module generated by {O e a | a G M}. We also note that when M is an i?[0; /]- 
module which is Artinian as an 7?-module, there exists an e > such that M* — RQ e M 
and also (M re d)* = (M*) rc d (cf. section 4 in }K2j .) 

Theorem 3.3. Let M,N be R[Q; f]-modules and let cf> G Homme ; /i(M, N). We have 
J{(lm0) — if and only if <f>(M) C Nil(iV) and, consequently, if Nil(iV) = 0, the map 
"K : Hom fl [Q.ji(M, N) — >• Homg- J j(IK(iV),5C(M)) is an injection and Homme ; /i (M, AT) is a 
finite set. 

Proof. We apply !K to the commutative diagram 




Im0 c N 

to obtain the commutative diagram 

X(N) J{(lm0) . 




JC(M) 

Now JC(0) = if and only if J£(lm0) = 0, and by (Lj Theorem 4.2] this is equivalent to 
(Im^ r * ed = Q. 

Choose T] > such that 6' 7 Nil(A r ) = and choose e > such that (Im<£)* = i?e e Im</). 
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Now 

(Im^)* ed = Q & i?e"i?e e 0(A/) = 

R<d^ +e 4>{M) = o 

O Im</> C Nil(iV) 
The second statement now follows immediately. 



□ 



The second main result in this section, Theorem l3.4l shows that all morphisms of F- finite 
-F-modules arise as images of maps of i?[8; /]-modules under Lyubeznik's functor !K. 

Theorem 3.4. Let M and N be F -finite F-modules. For every <fi £ Horn j fl (!N, M) there 
exist generating morphisms 7 : M — > F(M) £ D and ft : N — > F(N) £ D for M. and N, 
respectively, and a morphism ( in the category D ) 



N 



M 



F(N) 
F(M) 



such that (j) = "K (*(<?)). 

Proof. Choose any generating morphisms 



F(/3) 



F(N) — ^» F 2 (N) 



and 



M = lhn ( M F(M) ^> F 2 (A/) 



and fix any <fi £ Homg^ (X, M) . 

For all j > let </>.,■ be the restriction of (f> to the image of F J (AT) in INT. 

The fact that <j> is a morphism of F-modules implies that for every j > we have a 
commutative diagram 



F*(N) 



N ■ 



i™' +1 (JV) 



F(H) 

F(0) 



F(M) 



where 0;jy[ and (9>r are the structure isomorphims of M and N, respectively, and where the 
compositions of the vertical maps are <pj and F(<pj). Repeated applications of the Frobenius 
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functor yields a commutative diagram 



F j (0) F j+1 (0) 



M 



F(M) — 



0M " ' F(0 M ) 

and we can now extend this commutative diagram to the left to obtain 



F(N) — 



^ Fi(N) + Fi +1 (N) -l Fi+ 2 {N) — —. 




F 2 (M) 



e" 1 oF(e M )- 



This commutative diagram defines a i?- linear map ipj : Ji — > M. Furthermore, we show next 
that this ipj is a map of ^-modules, i.e., that for all j > 0, F{ipj) o 0^ — 9m ° ipj- Fix j > 
and abbreviate ip = ipj. 

Pick any a G N represented as an element of F e (N). If e < j then the fact that is a 
morphism of F-modules. implies that 

M o ip(a) = 9 M o 4>(a) = F(tf>) ° Ox(a) = F(j>) o x (a). 

Assume now that e > j; we have 

6» M o -0(a) = 



and 



= F(6 M 1 ) o-.-o F-^(9 M 1 ) o F^'(^-)(a) 







0£) 


9£)oF*+ l - 


■ j fe)(f e («(a)) 




• o F e ~ 1 ~ j ( 






flM)oF- J fe)(a) 




■ o F e_1_ i( 




^•)(a) 





where the penultimate inequality follows from the fact that </> is a morphism of F-modulcs. 

Consider now the set {V>i}-t>oi it is a finite set according to Theorem 5.1 in [H] . hence we 
can find a sequence < ii < ii < ... such that ipi 1 = ipi 2 = . . . . By replacing N and M 
with F ll (K) and F n (M) we may assume that i\ = 0. 

Pick j > so that 0(jV) C i"'(M). Since M = F-?(M) we may replace M with F-?(M) 
and assume that <f>(N) C M and hence also that for all e > 0, F e (0)(F e (iV)) C F e (M). 
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Fix now any e > and pick any ik > e; the fact that ipo = ipi k implies that for all 
a E F e (N), F e ((f>o)(a) = ipo(a) — ^pi k (a) = 4>(a) and since this holds for all e > we deduce 
that <j) is induced from the commutative diagram 

B F{8) n F 2 (B) 

N -*■ F(N) —I F 2 (N) — ■ ■ ■ 



F z (4> ) 
F 2 ( 7 ) 



M * F{M) -^l F 2 (M) 

An application of the functor ^ to the leftmost square in the commutative diagram above 
yields a morphism of i?[0; /]-modules g : M — > N and <fi — JC(g). □ 

4. Applications to Frobenius splittings 

For any R- module M let F,M denote the additive Abelian group M with R- module 
structure given by r ■ a = r p a for all r E R and a E M. In this section we study the module 
Homfl(F*i?™, R n ) of near-splittings of F*R n . Given such an element 4> G Hom^(F*i? n , R n ) 
we will describe the submodules 1/ C F,J}" for which (f>(V) C V. These submodules in the 
case n = 1, known as <j>- compatible ideals, are of significant importance in algebraic geometry 
(cf. [BKj for a study of applications of Frobenius splittings and their compatible submodules 
in algebraic geometry.) We will prove that under some circumstances these form a finite set 
and thus generalize a result in [BBj obtained in the F-finite case. 

We first exhibit the following easy implication of Matlis duality necessary for the results 
of this section. 

Lemma 4.1. For any (not necessarily finitely generated) R-module M, Homfl(M, R) = 
Rom R (R v ,M v ). 

Proof. For all a E E let h a E Homn(R, E) denote the map sending 1 to a. 

For any <j) E Eom R (M,R), V E Hom fl (i? v , M v ) is defined as (0 V (h a )) (rn) = <j>(m)a 
for any m £ M and a E E. For any tp E Homfl(i? v , M v ) we define V E Hom R (M, R) = 
B.om R (M,E v ) as (V(m)) (a) = (ip(h a )) (m) for all a E E and m E M. Note that the 

function ^ %p is i?-linear. 

It is now enough to show that for all <p E Hom^M, R), (j> v = <j>, and indeed for all a E E 
and m E M 

(f(m)) (a) = (cf> v (h a )) (m) = 0(m)a, 

i.e., (^(f> v (rn)j E Hom R (E,E) is given by multiplication by <f>(m) and so under the identifi- 
cation of Hom R (E, E) with R, <^> v is identified with <j>. □ 

We can now prove a generalization Lemma 1.6 in [F] in the form of the next two theorems. 

Theorem 4.2. (a) The F^R-module Honifl (F*R, E) is injective of the form © 7 grF'*i?© 
H where T is non-empty, H = ©AeA F*E(R/P\), A is a (possibly empty) set, P\ 
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is a non-maximal prime ideal of R for all A G A and E(R/P\) denotes the injective 
hull of R/Px. 

(b) Write T> = Hom F , fl (E, ® ier F*E) C J] 7er Hom RR (E, F*E). We have 



Kom R (F*R, R) £ 2 C J[ Rom F , R (E, F*E) £ ]J F*RT 




inhere T is the standard Frobenius map on E. 
(c) The set T is finite if and only if -F*K is a finite extension of IK, in which case 



Proof. The functors Hom# (— , E) = Hom fl (— ®f,r F r R, E) and Hom ftfl (— , Hom fl E)) 
from the category of i 7 !,i?-modules to itself are isomorphic by the adjointness of Horn and 
(g), and since Homjj(-,£) is an exact functor, so is Hom^jj . (— , Hom# (F*R, E)), thus 
Homjj (F*R, E) is an injective F*_R-module and hence of the form G®H where G is a direct 
sum of copies of F*E and H is as in the statement of the Theorem. Write G = (Bj^rF^E. 
To finish establishing (a) we need only verify that T ^ and we do this below. 

Pick any h G Hom^ (E, AeA F*E(R/P X )) . For any a G E, h(a) can be written as a finite 

sum b Xl -\ + b Xs where Ai, . . . , A s G A and b Xl G F*E(R/P Xl ), ...,b Xs G F*E{R/P Xs ). 

Use prime avoidance to pick a z G m \ Uf =1 P\i ; now z and its powers act invertibly on each 
of F t E(R/ 'P Xl ), ■ ■ ■ ,F*E(R/P Xs ) while a power of z kills a, and so we must have h(a) = 0. 
We deduce that Hom fi (E 7 Q) XeA F*E(R/P x )) = and 



Now Hom^ (E, F*E) is the R- module of Frobenius maps on E which is isomorphic as an 
F*R module to F*RT and we conclude that Rom R (E, Hom fl (F„R, E)) C J] 7e r F*RT. 
An application of the Matlis dual and Lemma 14.11 now gives 



and (b) follows. 

Write IK = R/m and note that F*K. is the field extension of K obtained by adding all 
pth roots of elements in K. We next compute the cardinality of T as the F*IK-dimension of 
Hom^f (i^K, G). A similar argument to the one above shows that 



#r = i. 






Hom fl (E, G) 
Homjj (E, © 7er F*.E) 



Hom fl {F*R, R) = Hom fl (E, Rom R (F*R, E)) 
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hence Homjr.i (F*K, G) = HoniF t K {F*K, HoniR (F*R, E)). 

We may identify Hom F , K (F*K, Hom fl (F*R, Ej) and Eom F ,R (F*K, Hom R (F*R, E)). An- 
other application of the adjointness of Horn and <g> gives 

HoniF.fl (F*K, Honifl, (F*.R, £)) = Hom fl ® Ftfl F) = Hom fl (F*K, E) 

Since mF„IK = 0, we see that the image of any (f> G Homjj E 1 ) is contained in 

anng m = K and we deduce that Hom^ E) = Hom^ (i^K, K). We can now conclude 

that the cardinality of T is the i 7 !, EC-dimension of Homjj (F,K, K). In particular T cannot 
be empty and (a) follows. 

If 11 is a K-basis for F*E€ containing 1 e F,K , 



(1) 



Hom K (F»K, K) = ]J Hom K (Kb, K) 



beu 



and when U is finite, this is a one-dimensional FK-vector space spanned by the projection 
onto Kl C -F*K. If U is not finite, the dimension as K-vector space of (QJ is at least 2# u 
hence Homf (F t K,K) cannot be a finite-dimensional K-vector space. □ 

Theorem 4.3. Let G = (B^erF^E and 23 be as m Theorem]^ Let B e Hom fl (F*R n , R n ) 
be represented by (-B 7 T) 7£ r £ 23. For all 7 S T consider E n as an i?[0 7 ; f]-module with 
7 u — B^Tv for all v e E n . Let V be an R-submodule of R n and fix a matrix A whose 
columns generate V. If B(F sr V) C V , then ann^n A 1 is a i?[0 7 ; /] submodule of E n for all 

7 e r. 

Proof. Apply the Matlis dual to the commutative diagram 

^ F.A F*R n ^ F*R n /F*A ^ 



A ■ 



R r 



B 

R n /A 



where the rightmost vertical map is induced by the middle map to obtain 



(R n /Ay 



>■ (F*R n / F*A) 



E h 



Hom fi (F*R n ,E) 



Note that B v e Hom fl (E n , © 76r F") is given by (B* ) 7er 



F A 

Using the presentation F*R m > F*R n — > F*R n /ImF*A ->• we obtain the exact 
sequence 



-)• {F*R n /F*A) v -> Hom fl (F„R n ,E) Hom fi (F*R m ,E) 



thus 



(F*R n /F*A) v = ann Hom (F,ii»,B) FA 4 
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We obtain the commutative diagram 

>■ ami^n A* 

>■ © 7 er ann F »E« F*A l 

and we deduce that ann^n A 1 is a F[0 7 ; /]-module for all 7 G T. □ 

Theorem 4.4. Lei M be an i?[0; f]-module with no nilpotents and assume M is an Artinian 
R-module. Then M has finitely many i?[0; f]-submodules. (Cf. Corollary 4.. 18 in |BB| . ) 

Proof. Write M = "K(M). In view of [Lj Theorem 4.2], there is an injection between the set 
of inclusions of F[0; /]-submodules N C M and the set of surjections of F-finite F-modules 
M — >• N hence it is enough to show that there are finitely many such surjections. By [Lj 
Theorem 2.8] the kernels of these surjections are F-finite F-submodulcs of M hence it is 
enough to show that M has finitely many submodules. Assume this statement is false and 
choose a counterexample M with infinitely many submodules. 

All objects in the category of F-finite F-modules have finite length (cf. L, Theorem 
3.2]) hence we may assume that among all counterexamples M has minimal length. By 
[Hi Corollary 5.2] the isomorphism class of any simple F-finite F-module is a finite set and 
the set of simple submodules of M belong to finitely many of these isomorphism classes, 
namely those occurring as factors in a composition series for M. We deduce that there are 
finitely many simple F-finite F-submodules of M. Since M has infinitely many F-finite 
F-submodules, there must be a simple F-finite F-submodule [PCM contained in infinitely 
many F-finite F-submodules of M. The infinite set of images of these in the quotient M./7 
exhibit a counterexample of smaller length. □ 

Corollary 4.5. Let B G Hom^ (F„i?™, R) be represented by (F*F) 7e p S 23, and assume that 
[BIT) : F — > © 7e rF is injective. Then there are finitely many B-compatible submodules of 
F*R n . 

Proof. For all 7 G T write Z 1 = {v G E n \ B^Tv} and let C 7 be a matrix with columns in 
R n be such that Z 1 = ann^n C' . If Im C 7 C mR n for all 7 G T, then X) 7 gr ^ m ^7 ^ s n °t the 
whole of R n , and if C is a matrix whose columns generate X) 7 erl m ^7' f° r an y non-zero 
v G anngn C l ^ 0, we have (F 7 )*Tw = for all 7 G T. We conclude that there exists a 
7 £ T such that, ImC 7 = R n , i.e., that the Frobenius map B*T on E n has no nilpotents. 
For this 7 G T, Theorem 14.41 shows that E n has finitely many F[0; /]-submodules where 
the action of is given by F*T. 

Let V be an F-submodule of R n and fix a matrix A whose columns generate V . The- 
orem [43] implies that if F*V C F*F™ is F-compatible then ann_g>. A 1 C E n is an i?[0; /]- 
submodule of F" with the Frobenius action given by B l T for all 7 G T, and hence there are 
finitely many such F-compatible submodules. □ 



— >- F" 

© 7e rF t F" 
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SOME PROPERTIES AND APPLICATIONS OF F-FINITE F-MODULES 



MORDECHAI KATZMAN 

Abstract. M. Hochster's work in [H] has shown that F-finite F-modules over regular 
local rings have finitely many F-submodules. In this paper we apply this theorem to 
prove that morphisms of F-finite .F-modules have a particularly simple form and we 
also show that there exist finitely many submodules compatible with a given Frobcnius 
near-splitting thus generalizing a similar result in IBB| to the case where the base ring 
is not F-finite. 



1. Introduction 

The purpose of this paper is to describe several applications of finiteness properties of in- 
finite F-modules recently discovered by M. Hochster in [H] to the study of Frobenius maps 
on injective hulls, Frobenius near-splittings and to the nature of morphisms of F-finite 
F-modules. 

Throughout this paper (R, m) shall denote a complete regular local ring of prime char- 
acteristic p. At the heart of everything in this paper is the Frobenius map / : R — > R given 
by f(r) = r p for r 6 R. We can use this Frobenius map to define a new R- module structure 
on R given by r • s — r p s; we denote this i?-module F*R. We can then use this to define 
the Frobenius functor from the category of i?-modules to itself: given an i?-module M we 
define Fr{M) to be F^R ®r M with i?-module structure given by r(s ® m) — rs ® m for 
r,s £ R and m € M. Henceforth we shall abbreviate Fr to F for the sake of readability. 

Let R[Q; f] be the skew polynomial ring which is the free i?-module ©°^ i?8 l with 
multiplication Or = r p for all r £ R. As in |Klj . C shall denote the category of R[@; /]- 
modules which are Artinian as i?-modules. For any two such modules M, N, we denote the 
morphisms between them in C with Hom^[e ; j] (M, N); thus an element g G Horace. j] (M, N) 
is an i?-linear map such that g(Qa) — Qg(a) for all a G M. The first main result of this 
paper (Theorem 13. 3p shows that under some conditions on N, Hom R [Q.j](M, N) is a finite 
set. 

An F-module (cf. the seminal paper [L] for an introduction to F-modules and their 
properties) over the ring R is an i?-module M together with an i?-module isomorphism 
Om : M — > F(M). This isomorphism 9m is the structure morphism of M. 
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A morphism of F -modules M. —> N is an i?-linear map g which makes the following 
diagram commute 

M — >- N 



F(M) — F(N) 

where 9m and 9y~s are the structure isomorphisms of M and N, respectively. We denote 
Homgr(M, N) the i?-module of all morphism of F-modules M — > N 

Given any finitely generated i?-module M and _R-linear map /3 : M — > F(M) one can 
obtain an i?-module 



M = Urn M A F(M) -^4 F 2 (M) 



Since 



F(M) = lhn (f(M) F 2 {M) F 3 (M) ^X . . . ) = M 



we obtain an isomorphism M = F(M), and hence M is an F- module. Any F- module 
which can be constructed as a direct limit as M above is called an F '-finite F-module with 
generating morphism (3. 

There is a close connection between i?[0; /]-modules and F-finitc F-modules given by 
Lyubeznik 's Functor from C to the category of F-finite F-modules which is defined as follows 
(see section 4 in [L] for the details of the construction.) Given an i?[0; /]-module M one 
defines the F-linear map a : F(M) — > M by a(r <E> m) = r<dm; an application of Matlis 
duality then yields an F-linear map a v : M v — > F(M) V = F(M V ) and one defines 

%{M) = lhn (V ^ F(Af v ) F 2 (A/ V ) . . . V 

Since M is an Artinian i?-module, M v is finitely generated and 5f(M) is an F-finite F- 
module with generating morphism M v > F(M V ). This construction is functorial and 
results in an exact covariant functor from 6 to the category of F-finite F-modulcs. 

Later in this paper we will need the following related constructions. Following |K1] we 
shall denote D the category of all R- linear maps M — » F(M) where M is any finitely 
generated i?-module, and where a morphism between M A F(M) and N \ F(N) is a 
commutative diagram of F-linear maps 

M — N 



F{M) — i F(N) 

Section 3 of |Klj constructs a pair of functors A : C — > T) and : D — > Q with the property 
that for all L G 6, the i?[0; /]-module ^ o A(L) is canonically isomorphic to L and for all 
D = (B A- F(B)) G D, A o ^f(D) is canonically isomorphic to D. The functor A amounts 
to the "first step" in the construction of Lyubeznik's functor J{: for L G 6 we define the 
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i?-linear map a : F(L) — > L to be the one given above and we let A(L) to be the map 
a v : V -s- F(L) y = F(L y ) (cf. section 3 in [Kl for the details of the construction.) 

The main result in [H] is the surprising fact that for F-finite F-modules M and N, 
Homgr(3\f, M) is a finite set. In section [3] of this paper we exploit this fact to prove the 
second main result in this paper (Theorem 13. 4|) to show the following. Let 7 : M — > F(M) 
and f3 : N — s> F{N) be generating morphisms for M and INT. Given an R- linear map g which 
makes the following diagram commute, 



N 



M 



one can extend that diagram to 



N 



M 



F(N)- 
F(g) 
F(M) 



F(N) 
F{M) 



f -^IfHn) f ^I 



F( 7 ) 



F 2 (M) 



F 2 (g) 

F 2 ( 7 ) 



and obtain a map between the direct limits of the horizontal sequences, i.e., an element in 
Homg-(3\f, M). We prove that all elements in Homg^N, M) arise in this way (cf. Theorem 
3.4|) . thus morphisms of infinite ^-modules have a particularly simple form. This answers 
a question implicit in [Lj Remark 1.10(b)]. 

Finally, in section|4]we consider the module Hom^(F,»i? n , R n ) of near- splittings of F*R n . 
We establish a correspondence between these near-splittings and Frobenius actions on E n 
which enables us to prove the third main result in this paper (Theorem 14.51) which asserts 
that given a near-splitting <j) corresponding to an injective Frobenius action, there are finitely 
many F*i?-submodules V C F*R n such that <p(V) C V. This generalizes a similar result in 
BB to the case where R is not F-finite. 

Our study of Frobenius near-splittings is based on the study of its dual notion, i.e., 
Frobenius maps on the injective hull E — Er(R/ui) of the residue field of R. This injective 
hull is given explicitly as the module of inverse polynomials K[x^, . . . , x^j where x\,...,Xd 
are minimal generators of the maximal ideal of R (cf. [BS, §12.4].) Thus E has a natural 



R[T; /]-module structure extending TXx 1 ' 



\ p x~ 



for A G 



and 



a%, . . . , ad > 0. We can further extend this to a natural R[T; /]-module structure on E n 
given by 



T 



Throughout this paper T will denote this natural Frobenius map, while O will be uses for 
general Frobenius maps. 



/ «1 ^ 




( T «i \ 


\ a n J 
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The results of section |4] will follow from the fact that there is a dual correspondence 
between Frobenius near-splittings and sets of R[&; /]-module structures on E n . 

2. Frobenius maps of Artinian modules and their stable submodules 

Given an Artinian i?-module M we can embed M in E a for some a > and extend this 
inclusion to an exact sequence 

-> M -> E a E p ->• . . . 

where A 1 G Hom/j(£^,£^). In our setup Matlis duality gives Hoiixr(Er, Er) = R and so 
A* G HorRR(Eft, E R ) = Hornj{(.R a , R@) is a f3 x a matrix with entries in R. Henceforth 
in this section we will describe certain properties of Artinian i?-modules in terms of their 
representations as kernels of matrices with entries in R. We shall denote M. a ,p the set of 
a x /3 matrices with entries in R and for any such matrix A we will write A^ to denote the 
matrix obtained by raising each of its entries to the pth power. 

We now explore the duality between E a with a given R[Q; /]-module structure and R- 
linear maps R a — > R a for a > 1 given by the functors A and W defined in section [1] Under 
this duality the i?[9; /]-module structure corresponding to the map (R a — > R a ) € D given 
by multiplication by B G M aiQ is given by = B l T where T is the natural Frobenius map 
on E a described in section [T] 

Proposition 2.1. Let M — kerA* C E a be an Artinian R-module where A G M Qj/ 3. 
Let B = {B e M QjQ | ImBA C JmA^}. For any R[Q; f]-module structure on M, A(M) 
can be identified with an element in Hornfj(Coker^4, Coker A^) and thus represented by 
multiplication by some B £ B. Conversely, any such B defines an R[<3; f]-module structure 
on M which is given by the restriction to M of the Frobenius map <j) : E a — > E a defined by 
4>(v) — B t T{v) where T is the natural Frobenius map on E a . 

Proof. Matlis duality gives an exact sequence i?' 3 A- R a — > M v — > hence 

A(M) G RomRlMViFRiM^)) = Hom fl (Coker A, Coker 

Let A(JVf) be the map g : Coker A -)• Coker A®. 

In view of Theorem 3.1 in |K1| we only need to show that any such R- linear map is given 
by multiplication by an B G B, and that any such B defines an element in A(M). 
Using the freeness of R a , we find a map g' which makes the following diagram 

R a 2- R a /lmA — ^ R a /lmA^ 

R a 

commute, where q\ and q2 are quotient maps. The map g' is given by multiplication by 
some a x a matrix B G B. Conversely, any such matrix B defines a map g making the 
diagram above commute, and ^(g) gives a i?[0; /]-module structure on M as described in 
the last part of the proposition. □ 
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Notation 2.2. We shall henceforth describe Artinian i?-modules with a given R[Q; /]- 
module structure in terms of the two matrices in the statement of Proposition 12.11 and 
talk about Artinian i?-modules M — Ker A 1 C E a where A G M Qi( g with i?[0; /]-module 
structure given by B G M QjQ . 

3. MORPHISMS IN e 

In this section we raise two questions. The first of these asks when for given R[Q; /]- 
modules M, N, the set Hom R [Q.j] (M, N) is finite; later in this section we prove that this 
holds when N has no O-torsion. The following two examples illustrate why this set is not 
finite in general, and why it is finite in a special simple case. 

Example 3.1. Let K be an infinite field of prime characteristic p and let R = K[x]. Let 
M = amis xR and fix an i?[0; /]-module structure on M given by Oa = x p Ta where T is 
the standard Frobenius action on E. Note that 0M = and that for all A G K the map 
[i\ : M — > M given by multiplication by A is in Hom^Q.j^M, M), and hence this set is 
infinite. 

Example 3.2. Let /, J C R be ideals, and fix u G (I [p] : I) and v G (jM : J). Endow 
ann^; I and ann^ J with R[0; /]-module structures given by Get = uTa and 06 = vTb for 
a 6 ann^ / and b € ann^ J where T is the standard Frobenius map on E. 

If g : amis / — > ann^ J is i?-linear, an application of Matlis duality yields <? v : R/J — > 
R/I and we deduce that g is given by multiplication by an element in w E (/ : J). If in 
addition g € Hom#[e ; /](ami£; /, ann^ J), we must have wuTa = g(Qa) = Qg(a) = vTwa = 
vw p Ta, for all a G amis/, hence (vw p — uw)T oome I = and vw p — uw G J^. The 
finiteness of Hom H [0.y] (ann^ /, ann^ J) translates in this setting to the finiteness of the set 
of solutions modulo 1^ for the variable w of the equation above, and it is not clear why 
this set should be finite. However, if we simplify to the case where I = J = 0, the set of 
solutions of vw p — uw = over the the fraction field of R has at most p elements, and in 
this case we can deduce that Hom^e;/]^! E) nas a l so a t most p elements. 

As in |L], f° r an y i?[9; /]-m.odule M we define the submodule of nilpotent elements to 
be Nil(M) = {a G M | Q e a = for some e > 0}. We recall that when M is an Artinian 
i?-module there exists an r\ > such that 8''Nil(Af) = (cf. [HSl Proposition 1.11] and 
[Ll Proposition 4.4].) We also define M rcd = M / Nil(M) and M* = C\ e > RQ e M where 
RQ e M denotes the R- module generated by {<d e a | a G M}. We also note that when M 
is an /]-module which is Artinian as an i?-modulc, there exists an e > such that 
M* = Re e M and also (M red )* = (M*) rcd (cf. section 4 in [K2] .) 

Theorem 3.3. Let M,N be R[Q; f] -modules and let (j) G Hom i jr e; /](M, iV). FFe ftawe 
J£(lm0) = if and only if <p(M) C Nil(A) and, consequently, if Nil(iV) = 0, i/ie map 
IK : Hom fl [ e .j](M,JV) — )• Homy H (J{(7V), Jf(M)) is an injection andHom.R[Q.j](M,N) is a 
finite set. 
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Proof. We apply "K to the commutative diagram 

M 




Im</><^ 

to obtain the commutative diagram 

•K{N) 



N 



JC(Im< 




■K{M) 

Now JC(0) = if and only if J£(lm0) = 0, and by [Lj Theorem 4.2] this is equivalent to 
(W) r * ed = G. 

Choose r) > such that Nil (AT) = and choose e > such that (Im»* = i?9 e Im0. 
Now 

(lm<£)* ed = <s> R<d^RQ e (t>{M) = 

^ i?e" +e 0(Af) = o 

<S> Im^CNil(AT) 

The second statement now follows immediately. □ 

The second main result in this section, Theorem l3.4l shows that all morphisms of i^-finitc 
-F-modules arise as images of maps of R[0; /]-modules under Lyubeznik's functor J£. 

Theorem 3.4. Let M and N be F -finite F -modules. For every <fi £ Horn j fl (!N, M) there 
exist generating morphisms 7 : M — > F(M) £ D and f3 : N —> F(N) £ D for M. and N, 
respectively, and a morphism ( in the category D ) 



N 



M 



F(N) 

F(g) 
F(M) 



such that <f> = !K (^(g)), i.e., such that <p is the map of direct limits 



N 



M 



B F(P) „ F 2 (/3) 

F(N) —I F 2 (N) 



F(g) 



F(M) 



F( 7 ) 



F 2 {M) 



F 2 (g) 
F 2 h) 



Proof. Choose any generating morphisms 



W= lim \N A- F(N) ^4 F 2 (N) 
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and 



M = lim ^> F(M) F 



2(M)-^> 



and fix any € Homj s (K, M) . 

For all j > let ^ be the restriction of <f> to the image of (N) in INT. 

The fact that <p is a morphism of F-modules implies that for every j > we have a 
commutative diagram 

F'(N) -^Fi +1 (N) 



K ■ 



F(tf>) 

F(M) 



where 0m and are the structure isomorphims of M and N, respectively, and where the 
compositions of the vertical maps are (j)j and F{(j)j). Repeated applications of the Frobenius 
functor yields a commutative diagram 

F'(N) -*■ Fi +1 {N) — U • • • 



F(M) 



f(0 m ) 

and we can now extend this commutative diagram to the left to obtain 



F(N) 



F^ -1 (/3) . F 3 (/3) . , F 3 + 1 (/3) . „ F J '+ 2 (/3) 

±F>(N) + Fi +1 (N) -I F3+ 2 {N) — 




F 2 (M) ... 



This commutative diagram defines an i?-linear map tpj : K — > M. Furthermore, we show 
next that this ipj is a map of ^-modules, i.e., that for all j > 0, F(ipj) o 6^ = 6>m ° ipj- Fix 
j > and abbreviate tp = ipj. 

Pick any a G N represented as an element of F e (N). If e < j then the fact that is a 
morphism of F-modules implies that 



9 M o tp(a) = 6 M o (f>(a) = F((j>) o 6> N (a) = F(» o 0>r(a). 



s 
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Assume now that e > j; we have 



F(6 



and 

F(^)off N (o) 



••oF-l-i ( ^) oF e- 3 - ( ^. )(a) 





• o F e ~ 1_i ( 






-^■)(F e (/3)(a)) 








°M)°F e ->( 


flM)oF^(^)(a) 




• o F e -^ j ( 


8m)°F^( 


4>]){a) 





where the penultimate inequality follows from the fact that </> is a morphism of F-modulcs. 

Consider now the set {4>i}i>o', it is a finite set according to Theorem 5.1 in [H] . hence we 

can find a sequence < ii < 12 < . . . such that ipi x — ipi 2 = By replacing N and M 

with F ll (N) and F n (M) we may assume that i\ = 0. 

Pick j > so that maps the image of N in 3\f into F^(M). Since M = i^(M) we may 
replace M with F'(M) and assume that 0(ImA) C M and hence also that for all e > 0, 
F e (<j)) maps the image of F e (N) in N into F e (Af). 

Fix now any e > and pick any > e; the fact that "0o = V'-t* implies that for all 
a 6 F e (N), F e ((f>())(a) — V>o(a) = 4>i k (a) = </>(a) and since this holds for all e > we deduce 
that tfi is induced from the commutative diagram 



AT 



F(B) F 2 (B) 

F(N) —I F 2 (N) 



F{4>o) 



M 



F{M) 



F( 7 ) 



F\M) 



F 2 (<f> ) 
F 2 ( 7 ) 



An application of the functor to the leftmost square in the commutative diagram above 
yields a morphism of R[Q; /]-modules g : M —> N and 4> = ^(#)- D 



4. Applications to Frobenius splittings 

For any R- module M let F*M denote the additive Abelian group M with R- module 
structure given by r ■ a — r p a for all r £ R and a £ M. In this section we study the module 
Homfl(F*i?™, R n ) of near-splittings of F*R n . Given such an element cf> € Homn(F*R n , R n ) 
we will describe the submodules V C F*R n for which <p(V) C V . These submodules in the 
case n = 1, known as 4>- compatible ideals, are of significant importance in algebraic geometry 
(cf. [BKj for a study of applications of Frobenius splittings and their compatible submodules 
in algebraic geometry.) We will prove that under some circumstances these form a finite set 
and thus generalize a result in |BB] obtained in the F-finite case. 

We first exhibit the following easy implication of Matlis duality necessary for the results 
of this section. 
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Lemma 4.1. For any (not necessarily finitely generated) R-module M, Hom^(M, R) = 
Uom R (R v ,M w ). 

Proof. For all a G E let h a G Hom^(i?, E) denote the map sending 1 to a. 

For any <f> E Hom fl (Af, i?), </> v E Hom JJ (i? v , M v ) is defined as (0 v (/i Q ))(m) = </»(m)o 
for any m G M and a £ E. For any -0 G Hom fl (i? v ,M v ) we define ^> G Hom R (M, R) = 
Hom fl (M, £; v ) as ^(m)^ (a) = (ip(h a )) (m) for all a e £ and m G M. Note that the 

function ^ i — ^ -0 is i?-linear. 

Let ^ G Hom^(i? v , A/ v ) and fix an m G M. Note that for all a e E 

ijj v (h a )(m) = 4>(m)a 

when we view ip as an element in Hom# (M,R). After we identify Hom^ (M,E y ) with 
Honifj(M, R) we can write 

'(h a )(m) = ^(m)(o) = i>{K){m) 

thus ^ v = V>- 

It is now enough to show that for all <fi G Hom R (M, R), </> v = 4>, and indeed for all a G E 
and m G M 

(^(m)) (a) = (0 V (M) (m) = 0(m)a, 

i.e., (^<p v (rn)j 6 Homjj(£, E 1 ) is given by multiplication by cj>(m) and so under the identifi- 
cation of Kom R (E,E) with R, is identified with tp. □ 

We can now prove a generalization Lemma 1.6 in [F] in the form of the next two theorems. 

Theorem 4.2. (a) The R-module Hom^ (F*R, E) is injective of the form (B 7 erF*E® 
H where T is non-empty, H = Q) XeA F*E(R/P\), A is a (possibly empty) set, P\ 
is a non-maximal prime ideal of R for all A G A and E(R/P\) denotes the injective 
hull of R/P x - 

(b) Write T> = Uom FrR (E, ® ier F*E) C fl 7er Hom F,F. (E, F+E). We have 

Rom R (F*R, R) S S C JJ Hom F , fl (J5, = JJ F*RT 

where T is the standard Frobenius map on E. 

(c) TTie set T is finite if and only if -F*K is a finite extension of K, m which case 

#r = i. 

Proof. The functors HoniR (—,E) = HoniR (— <S>f,r F r R, E) and Homj7 t j; (— , Hom^ (F*R, I?)) 
from the category of -F^-R-modules to itself are isomorphic by the adjointness of Horn and 
®, and since Homj{(-,£) is an exact functor, so is Horrify (— , Homjj ,(F*R, E)), thus 
Homjj (F*R, E) is an injective F+i?- module and hence of the form G(&H where G is a direct 
sum of copies of F*E and H is as in the statement of the Theorem. Write G = (B-y^rF+E. 
To finish establishing (a) we need only verify that T ^ and we do this below. 
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Pick any h G Hohir (E, ®AeA F*E(R/ P\j) ■ For any a € E, h(a) can be written as a finite 

sum b\ 1 H h &a s where Ai, . . . , A s G A and 6 Al G F*E(R/P\ 1 ), . . . ,b\ s G F*E(R/P\ s ). 

Use prime avoidance to pick a 3 G m \ U|L 1 P^ i ; now z and its powers act invertibly on each 
of F*E(R/ '-PaJ, • ■ • , F*E(R/ P\ s ) while a power of z kills a, and so we must have h(a) = 0. 
We deduce that Hom fl (E, AeA F*E{R/P X )) = and 

Hom fl , (E, Hom fl , (F.iJ, £)) Hom B j E, G 8 F,E{R/P X ) J 

V AeA / 



- H 0mi? G) © H 0mi? j J5, F*E(R/P X ) j 

V AeA / 



Hom fl (£■, G) 

Hom.R e 7 er-F*£) 
= B. 

Now Homfl (E,F*E) is the i?-module of Frobenius maps on E which is isomorphic as an 
F*R module to F*RT and we conclude that Hom fl (E, Rom R (F*R, E)) C \[ ieT F*RT. 
An application of the Matlis dual and Lemma 14.11 now gives 

Ho mi? , (F*R, R) = Rom R {E, Rom R (F*R, E)) 

and (b) follows. 

Write K = R/m and note that F*K is the field extension of K obtained by adding all 
pth roots of elements in K. We next compute the cardinality of Y as the F*K-dimension of 
Hom^f (i^K, G). A similar argument to the one above shows that 



Hom FtK j F*K, F*E(R/P X ) j = 
\ AeA / 



hence Hom FiK (FJL, G) = Hom F , K (-F*K, Hom fl (F*R, E)). 

We may identify Hom F , K (F+K, Hom fl [F*R, E)) and B.om F , R (F*K, Rom R (F*R, E)). An- 
other application of the adjointness of Horn and ® gives 

Hom^fl (F*K, Honifl (F*R, E)) = Hom R (F*K® FtR F„R, E) = Hom R (F*K, E) . 

Since mF*K = 0, we see that the image of any G Homjj (F*K, E) is contained in 
ann# m = K and we deduce that Hom^ (F»K, E) = Hom^ IK). We can now conclude 

that the cardinality of T is the F*K-dimension of Hom^ (i^K, K). In particular Y cannot 
be empty and (a) follows. 

If U is a K-basis for F*K containing 1 G F*K , 

(1) Hom K (F*K, K) = JJ Hom K (Kb, K) 

bell 

and when U is finite, this is a one-dimensional i^K-vector space spanned by the projection 
onto Kl C F*K. If U is not finite, the dimension as K-vector space of ([1]) is at least 2# u 
hence HomK (F»K, K) cannot be a finite-dimensional F* K-vector space. □ 
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Our next result is to establish a connection between submodules of R n compatible with 
a given B G Hom R (F*R n , R n ) and submodules of E n hxed under a sequence of Frobenius 
actions determined by B. Note that the previous theorem allows us to view elements of 



■B nxn as elements in H eT F*R nxn T, Le - 



H.om R (F*R n ,R n ) = Kom. R (F*R, i?) nx ' 
sequences (£? 7 T) 7e r where each _B 7 is an n x n matrix with entries in F*R and T is the 
natural Frobenius action on E n . 



Theorem 4.3. Let G = ® ier F*E and T> be as in Theorem\4^\ Let B G Rom R (F*R n , R n ) 
be represented by (-B 7 T) 7e r € H nxn . For all 7 G T consider E n as an i?[0 7 ; f]-module with 
7 u = B^Tv for all v G E n . Let V be an R-submodule of R n and fix a matrix A whose 
columns generate V. If B{F sr V) C V, then ann^n A is a i?[0 7 ;/] submodule of E n for all 

7 g r. 

Proof. Apply the Matlis dual to the commutative diagram 

^ F*V ^ F*R n ^ F,R n /F,A > 







V 



R 71 



R n /V 







where the rightmost vertical map is induced by the middle map to obtain 







(R n /vy 



E r> 



{F*R n /F*Vy 

Note that the previous theorem shows that 



Hom fl (F»i2 n ,.E) 



Hom fl (E n , Kom R (F*R n , E)) S Hom B , (E n , ® ieT F,E n ) . 

Also note that under this isomorphism B v G Hom^ (E, (B ie rF*E) n n is given by (-B* ) 7 gr- 
and that the image of B v is contained in (B ie rF*E n 

F A 

Using the presentation F*R m > F*R n — > F*R n /F*V ->0we obtain the exact se- 
quence 

F,A* 



-)■ (F*R n /F*Vy -> Hom fi (F*R n ,E) Hom fl (F*R m , E) 



thus 



{F,R n /F,VY = ann Hom (F,F",F) F,A* 
We now obtain the commutative diagram 

*- aniiE- A* » E n 



■ 



ye r annF*F« F^A* 



^evF*E n 



and we deduce that anns« A 1 is a i?[0 7 ; /]-module for all 7 G T. 



□ 
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Theorem 4.4. Let M be an i?[0; f]-module with no nilpotents and assume M is an Artinian 
R-module. Then M has finitely many R[&; f\-submodules. (Cf. Corollary J^.18 in |BBj . ) 

Proof. Write M = %{M). In view of (Lj Theorem 4.2], there is an injection between the set 
of inclusions of i?[0; /] -submodules N C M and the set of surjections of F-finite F-modules 
M — > N hence it is enough to show that there are finitely many such surjections. By [Lj 
Theorem 2.8] the kernels of these surjections are F-finite F-submodules of M hence it is 
enough to show that M has finitely many submodules. 

All objects in the category of F-finite F-modules have finite length (cf. [L, Theorem 3.2]) 
and the theorem now follows from [Hi Corollary 5.2(b)]. □ 

Corollary 4.5. Let B £ Horn/} (F* i?" , R) be represented by (F*T) 7e r G H nxn , and assume 
that B^T : E n — > E n is infective for some 7 G T. Then there are finitely many B-compatible 
submodules of F^R 71 . In particular this holds when n — 1 and (F 7 T) 76 r : E — > © 7e pF is 
injective. 

Proof. Let V be an i?-submodule of R n and fix a matrix A whose columns generate V. 
Theorem l43l implies that if F*V C F*R n is 5-compatible then for all 7 G T, ann B >. A* C E n 
is an R[Q; /]-submodulc of E n with the Frobenius action given by B' T. If there exists a 
7 G T such that B^T is injective, then [SI Theorem 3.10] or [EHl Theorem 3.6] imply 
that there must finitely many R[B^T; /]-submodules of E n and hence also finitely many 
.B-compatible submodules of R n . 

Assume now that n = 1. For all 7 G T write Z 7 = {v G E \ B^Tv = 0} and let C 7 C R 
be the ideal for which Z 1 — anng C 7 . If C 1 C mR for all 7 G T, then C = X) 7 er ^7 ^ R> 
and for any non-zero v G ann^ C ^ 0, we have B^Tv — for all 7 G T. We conclude that 
there exists a 7 G T such that, C 7 = R, i.e., that the Frobenius map B^T on E is injective, 
and the last assertion of the corollary follows. □ 
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